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We theoretically study the dynamical Casimir effect (DCE), i.e., parametric amplification of a
quantum vacuum, in an optomechanical cavity interacting with a photonic crystal, which is consid-
ered to be an ideal system to study the microscopic dissipation effect on the DCE. Starting from
a total Hamiltonian including the photonic band system as well as the optomechanical cavity, we
have derived an effective Floquet-Liouvillian by applying the Floquet method and Brillouin-Wigner-
Feshbach projection method. The microscopic dissipation effect is rigorously taken into account in
terms of the energy-dependent self-energy. The obtained effective Floquet-Liouvillian exhibits the
two competing instabilities, i.e., parametric and resonance instabilities, which determine the sta-
tionary mode as a result of the balance between them in the dissipative DCE. Solving the complex
eigenvalue problem of the Floquet-Liouvillian, we have determined the stationary mode with van-
ishing values of the imaginary parts of the eigenvalues. We find a new non-local multimode DCE
represented by a multimode Bogoliubov transformation of the cavity mode and the photon band.
We show the practical advantage for the observation of DCE in that we can largely reduce the pump
frequency when the cavity system is embedded in a narrow band photonic crystal with a bandgap.
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2I. INTRODUCTION
A vacuum fluctuation is one of the most characteristic features of quantum mechanics, which has no classical analog
[1]. Lamb shift[2] and spontaneous emission [3, 4] are well-known examples of the effects of vacuum fluctuation on
an atom. The static Casimir effect is another example where an attractive force is working on electrically neutral
bodies due to an exchange of a virtual photon surrounding a material[5, 6]. In contrast to these effects, the dynamical
Casimir effect (DCE) provides a more direct method to observe the quantum vacuum fluctuation. The rapid motion
of the boundary of an electromagnetic field invokes the conversion of localized virtual photons to real photons, which
we can detect at a far distance[7–10]. The DCE has also been intriguing because of its close relation to Hawking
radiation and the Unruh effect[10].
Even with these interests, it has been difficult to experimentally observe the DCE because it requires a fast motion
of the macroscopic body with almost the light velocity [7, 8]. Almost 40 years after the prediction by Moore, a few
experiments to observe the DCE have succeeded with the use of a superconducting circuit to effectively change the
boundary condition of the optical transmission line as well as the observation of the quantum nature of the emitted
field, such as entangled photons and squeezing effect[11, 12].
Two exponential instabilities play a key role in the DCE. The first is a quantum parametric amplification of a
vacuum fluctuation, where a periodical change of an oscillator frequency enhances a virtual transition to yield a
squeezed vacuum represented by the Bogoliubov transformation [13, 14]. As an external pump frequency comes
close to twice the oscillator fundamental frequency, the bifurcation of the exponential amplification-deamplification
instability appears[13–17]. The second is a resonance instability at which the irreversible transition from the amplified
virtual photon to a real observable photon appears as a spontaneous photon emission to a free radiation field with
exponential decay. The point where the bifurcation of the resonance instability occurs is known as the exceptional
point[18, 19]. The stationary energy flow to the free radiation field emerges as a result of a balance between the
parametric amplification and the dissipation processes with exponential growth and decay.
Since these two instabilities are dynamical processes, they are expected to be interpreted in a unified manner
within a quantum dynamics. Nevertheless, while the parametric instability has been well formulated by using the
Bogoliubov transformation [13, 14], the resonance instability has brought about a serious problem as for how to derive
the irreversibility based on the reversible microscopic principle of dynamics[20–23]. Ordinary textbooks of quantum
mechanics state that a hermitian Hamiltonian only possesses real eigenvalues, indicating no room for irreversibility.
Conventional descriptions of the dissipation processes in the DCE are input-output theories [24, 25] and a quantum
master equation methods [17, 26, 27]. Since these theories are mostly based on the Markov approximation assuming
an infinite bandwidth of the free radiation field, they are insufficient to describe the DCE photon emission to a
narrow-bandwidth photonic crystal with a bandgap [28–32]. Recent advances in hybrid quantum systems, such as
optomechanical systems where a photon emission process is manipulated at a single photon level, require a theory of
DCE taking into account a microscopic dissipation mechanism [33–35].
Recently, for the microscopic description of the dissipation process within a quantum mechanics, a new formalism,
known as complex spectral analysis [36–39] and non-Hemitian quantum mechanics [18, 19, 40, 41], have been indepen-
dently developed. In the complex spectral analysis, the functional space for a quantum state is extended to the rigged
Hilbert space where the dual functional space is equipped with a bi-complete and bi-orthonormal basis set[21, 22], so
that the time-evolution generator, Hamiltonian or Liouvillian, has complex eigenvalues. We have applied this theory
to open quantum systems to study dissipation processes of a discrete quantum state interacting with a continuum
with a finite bandwidth. We have revealed that the decay is nonanalytically enhanced when the discrete state is
located closely to the bandedge of the continuum, and, as a result, it shows a nonanalytic decay process[42–45].
Therefore, in order to describe DCE of a hybrid quantum system, it is important to take into account the effect of
the energy-dependent self-energy.
In the present paper, we theoretically study the parametric amplification of a quantum vacuum of an optomechanical
cavity interacting with a photonic band, where the mirror boundary is periodically moved by a classical external force,
as shown in Fig.1(a). The total system is composed of optomechanical cavity and photonic band states, and the time
evolution of the operators of the canonical variables obeys the Heisenberg equation, where the generator of the time
evolution is the Liouvillian. With the use of Floquet method, we have transformed the time dependent problem to
time-independent eigenvalue problem in Floquet space[17, 46, 47]. The non-Hermitian effective Liouvillian is derived
in terms of the Brillouin-Wigner-Feshbach projection operator methods, where the microscopic dissipation process
is rigorously taken into account with an energy-dependent self energy [48–52]. The complex eigenvalue problem
of the effective Floquet-Liouvillian is solved to obtain new normal modes in terms of the multimode Bogoliubov
transformation, where the stationary mode is determined by the one with a vanishing imaginary part of its eigenvalue
as a result of the balance between the parametric amplification and the dissipation. We have found that we can
stabilize the nonlocal mode, taking advantage of this balance when the cavity mode frequency lies in a photonic
bandgap and that we can reduce the pump frequency to cause the DCE.
3cavity mode
bˆk, bˆ
†
k
<latexit sha1_base64="zor+vC4zcPrFSJ6kzNMrr9AtUaQ=">AAADQXichVLBShtRFD2ZVpumVWPdVLpJFcW AhDdVUEsJgiBdajSJYDTMTF7ikMnMMPMSsEG67w900VUFFyK0H+HGXbvpIp8Q3IgKLuqid95MFbGNd5i55913zrlzH093LdMXjHViyqPHff1P4k8Tz54PDA4lh18UfKfpGTxvOJbjbeiazy3T5nlhCotvuB7XGrrFi3p9Kdgvtrjn m469LnZdvtXQarZZNQ1NUKmcHC3taCKll+vTf8F2qaLVatwrJ8dZhslI3QdqBMYXx6rLP07SP1ec4VgcJVTgwEATDXDYEIQtaPDp2YQKBpdqW2hTzSNkyn2OPSRI2yQWJ4ZG1Tp9a7TajKo2rQNPX6oN6mLR65EyhQn2ix2yC3bCj liXXf/Xqy09gn/ZpayHWu6Whz69XLt6UNWgLLBzq+qh0IndeyaBKublLCbN5spKMKUR+rc+fL5Ye5ubaE+yfXZK831lHXZME9qtS+Nglee+SPcKaaqUs+TTpuxRB5t6hGe6d4fzLuJYPTjpyClN+PUDflP/dAx0UxE3Ie/QgoxUCO ZmI7Cg3tyhwpuMOpNRV+kyZRFGHK8wRj4q5rCI91hBnk7mIw7wDd+VY6WrnCnnIVWJRZoR3Anl9x9b7b3D</latexit>
gk
<latexit sha1_base64="C3XqJ/M6YC7SgpwQ+t74eMPmFh4=">AAADKXichVI9S8NQFD2NX7V+1I9BwaUqii7lRQU/EB FcHNVaFVRKEl9raJqEJC1o8Q8Irjo4KTiIoz/BxdVBUFdxEMFFwcXBm5egiFpvSO55951zbu7jqbahux5jtxGpqrqmti5aH2tobGqOt7S2LblW0dF4WrMMy1lRFZcbusnTnu4ZfMV2uFJQDb6s5mf8/eUSd1zdMhe9LZuvF5ScqWd1TfGolMpl8pmW XpZkIhI/gRyC3umO5+f45PnDnNUaiWING7CgoYgCOEx4hA0ocOlZhQwGm2rrKFPNIaSLfY4dxEhbJBYnhkLVPH1ztFoNqyatfU9XqDXqYtDrkDKBPnbNTtkLu2Rn7JG9/+lVFh7+v2xRVgMttzPx3c7U27+qAmUPm1+qCgqV2JVn8pDFmJhFp9lsUfG n1AL/0vbBS2pioa/cz47ZE813xG7ZBU1oll61k3m+cCjcN0iTpTxFPmXKDnUwqUdwpjvfOJMhx6jAGQydBgl3/+M38KujrxsIuTFxh8ZFJAIwOhKCcfnzDi0NJeXhpDxPl2kKQUTRhR7ykTGKacxiDmk6mRz2sI8D6Uy6km6ku4AqRUJNO76FdP8BZ /21RQ==</latexit>
!B
<latexit sha1_base64="Wh7N5A+Lkymwtv/6Ip0rWfOroj4=">AAADLnichVI7S8NQFD6 Nr9qq9bEILvVRqUu5UUErUkQXx1atFqqUJL2toXmRpIVa6g8QJxcRXRQcxMX/4OIfUOggroqjgouDJzdBEbWekJzvnvt93825HNFQZMsmpOHjWlrb2jv8nYFgV3dPqLevf93Sy6ZE05Ku 6GZGFCyqyBpN27Kt0IxhUkEVFbohlpac/Y0KNS1Z19bsqkG3VKGoyQVZEmwsZTZ1lRaF3GKud5TECIvwT8B7YHSh/2h/NzoWTOp9Pj9sQh50kKAMKlDQwEasgAAWPlnggYCBtS2oYc1EJ LN9CnUIoLaMLIoMAasl/BZxlfWqGq4dT4upJTxFwddEZRgi5JZckBdyQy7JE3n/06vGPJx/qWIWXS01cqG9wdW3f1UqZhu2v1RNFCKym/dkQwFmWS8y9mawitOl5PpXdg5fVudWIrVxck aesb9T0iDX2KFWeZXOU3TlmLnnUVPAnECfGmYTT9DwDPdO69848x5HacKZ8JwmEA//4xf91dHRRT1ugM1QnEXYBTPTHojznzO0Phnjp2J8CocpAW74YQhG0IeHGViAZUhCmk3KARzDCXf F3XH33INL5XyeZgC+Bff4AaCdtYI=</latexit>2B
<latexit sha1_base64="6EuLprQSlaeTJWWdpB7dhZXzFM8=">AAADKHichVI9S+RQFD0 TVx1n/bYRbMYdXLQZbhzBD0RFmy113FFBRZL4RsNkkpBkBnTwD4itWlgpWOj+DJstbZZl2u2WLRVsLLx5CSuijjck97z7zjk39/F01zL9gKieUJo+Nbe0JttSn9s7Oru6e3pXfKfiGaJg OJbjremaLyzTFoXADCyx5npCK+uWWNVLC+H+alV4vunY34M9V2yWtR3bLJqGFnApPzq/1Z2hLMlIvwZqDDKzNzkZi05PIokNbMOBgQrKELARMLagwednHSoILtc2UeOax8iU+wIHSLG2w izBDI2rJf7u8Go9rtq8Dj19qTa4i8Wvx8o0hugXXdEd/aQf9Jce3/WqSY/wX/Y465FWuFtdh/3LDx+qypwD7D6rGih0ZjeeKUARE3IWk2dzZSWc0oj8q/und8tT+aHaV7qgfzzfOdXphi e0q/fG5ZLIn0n3bdYUOc+wT42zxx1s7hGd6cELznTMsRpwRmKnEcaDH/gNv+kY6oZjbkreoUkZ6QiMj8VgUv1/h1ZGs2ouqy5RZm4GUSQxgC/so2Icc/iGRRT4ZIo4wjFOlGvlVvmt1CO qkog1fXgRyp8nWR2ynA==</latexit>
k
<latexit sha1_base64="FIwkx41J8Z+FWBf7Iiig5RORV Ho=">AAADJ3ichVI9T9tQFD0xFNJQPrtUYgmNgsISXQMSUFUUiYWRQEOQACHbvIAVx7ZsJxJE/IGyUnXoBBID4mewdOsE gpERMYLEwsD1swWKgHAt+5533znn+j493bVMPyC6TCht7R86OpMfU12funt6+/oHlnyn5hmiaDiW4y3rmi8s0xbFwAwss ex6Qqvqlijpldlwv1QXnm869s9g2xVrVW3TNsumoQVcKlTW+zKUJxnpl0CNQebH6ZiMeac/kcQqNuDAQA1VCNgIGFvQ4P OzAhUEl2traHDNY2TKfYFdpFhbY5ZghsbVCn83ebUSV21eh56+VBvcxeLXY2UaWTqjY7qlf3RC1/TwpldDeoT/ss1Zj7T CXe/99WXx/l1VlXOArWdVC4XO7NYzBShjUs5i8myurIRTGpF/fefP7eK3hWxjmA7phuc7oEs65Qnt+p1xVBALf6X7Bmv KnKfZp8HZ4w4294jOdLeJ8z3mWC04I7HTCOOhd/xyrzqGulzMTck7NCUjHYGJ8RhMqU93aGk0r47l1QJlZqYRRRKD+Mo+ KiYwgznMo8gnI7CHffxWjpX/yrlyEVGVRKz5jKZQrh4BGe2yiQ==</latexit>
!k
<latexit sha1_base64="8igMhSUVRRrrUzC13Qi0gohu95k=">AAADLnic hVI9S8NQFL2NX7VV2+oiuFSrUpfyooIfSCm4OGprtVClJPG1huaLJC1oqT9AnFxE6qLgIC7+Bxf/gEIHcVUcFVwcvHkJiqj1huSed9855+U+rmgosmUT0v Rxbe0dnV3+7kCwp7cvFI70r1l6xZRoVtIV3cyJgkUVWaNZW7YVmjNMKqiiQtfF8qKzv16lpiXr2qq9Y9BNVShpclGWBBtLuQ1dpSWhUC6EYyRBWER/At4D sVT/8cFefDS4rEd8ftiALdBBggqoQEEDG7ECAlj45IEHAgbWNqGGNRORzPYp1CGA2gqyKDIErJbxW8JV3qtquHY8LaaW8BQFXxOVURgjt+SCvJAbckmeyP ufXjXm4fzLDmbR1VKjENofzLz9q1Ix27D9pWqhEJHduicbijDLepGxN4NVnC4l17+6e/SSmU+P1cbJGXnG/k5Jk1xjh1r1VTpfoekGc99CTRFzEn1qmE08 QcMz3Dutf+MseBylBWfCc5pAPPyPX/xXR0cX97gBNkNzLKIumJn2wBz/OUNrkwl+KsGv4DAlwQ0/DMEI+vAwAylYgmXIskk5hAaccFfcHXfPPbhUzudpBu BbcI8fEee1qw==</latexit>
(a)
(c)(b)
FIG. 1. (a) Optomechanical cavity interacting with a photonic crystal. (b) The frequency of a single cavity mode is periodically
changed by mechanical pumping, and the cavity mode photon decays into one-dimensional photonic band. (c) Dispersion
relation of one-dimensional photonic band with a bandwidth of 2B and the central frequncy ωB .
In Section II, we show the model of a hybrid quantum system consisting of optomechanical cavity and photonic
crystal, and the total Hamiltonian for the system. With the use of the Floquet method, we transform the Heisenberg
equation to the time-independent complex eigenvalue problem of Floquet-Liouvillian. The effective Floquet-Liouvillian
is derived by using Brillouin-Wigner-Feshbach projection method, where the microscopic dissipation effect is rigorously
taken into account in terms of the energy-dependent self-energy, associated with the detailed derivation in Appendix
A. We show the calculated results in Section III where the competition between the parametric amplification and
the dissipation may be clear in comparison with a phenomenological calculation. The emergence of the nonlocal
multimode DCE will be revealed as a result of the band edge effect of the photonic band. We make a concluding
remarks in Section IV.
II. MODEL AND FLOQUET-LIOUVILLIAN
We consider a hybrid quantum system consisting of optomechanical cavity and one-dimensional photonic crystal,
as shown in Fig.1(a), where we assume a single cavity mode in the cavity and a one-dimensional photonic band
represented by a tight-binding model for the photonic crystal as shown in Fig.1(b). The cavity mode decays into
photonic band through the transmitting mirror on the one side of the cavity. An external mechanical force oscillates
a boundary mirror on the other side of the cavity with a frequency Ω, which periodically changes the cavity mode
frequency.
The total system is represented by the Hamiltonian[53, 54]
Hˆ(t) = ω0aˆ
†aˆ+ f(t)(aˆ+ aˆ†)2 +
∫
ωk bˆ
†
k bˆkdk +
∫
gk(aˆ
†bˆk + bˆ
†
kaˆ)dk , (1)
where aˆ† (aˆ) and bˆ†k (bˆk) are the creation (annihilation) operators of the cavity mode and photonic band, respectively,
and ~ = 1 is taken in the present paper. The effect of the external mechanical force on the cavity mode is represented
by a change of the cavity mode frequency in the second term
f(t) = f0 sin(Ωt+ θ) , (2)
where Ω, f0, and θ are the pumping frequency, the amplitude, and the initial phase, respectively. The photonic band
is described by a one-dimensional tight-binding model whose dispersion relation is given by
ωk = ωB −B cos k . (3)
4as shown in Fig.1(c). The interaction of the cavity with the photonic band is described by the last term of (1), where
the coupling strength for each k mode is given by gk = g sin k with a coupling constant g. We adopt the rotating
wave approximation as for the interaction between the cavity mode and the photonic band.
The Heisenberg’s equation of the dynamical variables {aˆ†(t), aˆ(t), {b†k(t), bˆk(t)}} are written by
−i d
dt

aˆ†
aˆ
bˆ†k
bˆk
...
 =

ω0 + 2f(t) 2f(t) gk 0 . . .
−2f(t) −ω0 − 2f(t) 0 −gk . . .
gk 0 ωk 0 . . .
0 −gk 0 −ωk . . .
...
...
...
...
. . .


aˆ†
aˆ
bˆ†k
bˆk
...
 ≡ L(t)

aˆ†
aˆ
bˆ†k
bˆk
...
 . (4)
The generator of time evolution is obtained from the commutation relation with the Hamiltonian which is now
represented by a matrix in (4) which we shall call Liouvillian matrix L(t). Note that the virtual transition interactions
appear in the off-diagonal matrix elements hybridizing the aˆ† and aˆ of the cavity modes. As a result, these modes
at time t are represented by the Bogoliubov transform which changes a bare vacuum state to a squeezed vacuum
state[14, 55]. In (4), the column vector of the operators represents the field operator of the radiation field
|Ψˆ(t)〉 ≡ aˆ†(t)|ϕa∗〉+ aˆ(t)|ϕa〉+
∫ (
bˆ†k(t)|ϕk∗〉+ bˆk(t)|ϕk〉
)
dk , (5)
where |φj〉’s are time-independent basis used in the second quantization of the radiation field[56]. We assume these
mode basis form an orthonormal complete basis set:
〈φi|φj〉 = δi,j , 1 = |ϕa〉〈ϕa|+ |ϕa∗〉〈ϕa∗ |+
∫
dk (|ϕk〉〈ϕk|+ |ϕk∗〉〈ϕk∗ |) . (6)
The field operator can be also expanded by the solutions of scalar wave equations
−i d
dt
|Ψξ(t)〉 = L(t)|Ψξ(t)〉 , (7)
where L(t) is the Liouvillian matrix in (4). Then the field operator is expanded by the mode functions |Ψξ(t)〉 as in
Ref.[15]:
|Ψˆ(t)〉 =
∑
ξ
Ψˆξ|Ψξ(t)〉 . (8)
Since L(t) is time-periodic, the wave equation (7) can be solved by the Floquet method. We can write the solution
as [17, 46, 47]
|Ψξ(t)〉 = eizξt|Φξ(t)〉 , |Φξ(t+ T )〉 = |Φξ(t)〉 , (9)
where T = 2pi/Ω, zξ is the quasi-eigenvalue of the Floquet-Liouvillian, and the |Φξ(t)〉 is the corresponding eigenstate
satisfying
LF(t)|Φξ(t)〉 ≡
[
L(t)− i d
dt
]
|Φξ(t)〉 = zξ|Φξ(t)〉 , (zξ mod Ω). (10)
In terms of the Floquet transform, the continuous time variable t is transformed to the discrete Floquet mode
variables, by means of which the time-dependent differential equation (7) turns to time-independent complex eigen-
value problem of the Floquet-Liouvillian as shown in Appendix A. It is found that the virtual transition interactions
couples the creation and annihilation modes of the cavity belonging to a next neighbor Floquet modes, making LF
non-Hermitian.
Under the condition of
Ω− 2B  f0 , (11)
which is satisfied for the narrow photonic band and small external amplitude, we can restrict ourselves to {|a∗, 1)〉, |a, 0)〉}
space. By using the projection operator methods[48], we derive the effective Floquet Liouvillian in terms of the cavity
modes of {|a∗, 1)〉, |a, 0)〉} given by
Leff(z) =
(
ω0 − Ω + g2σ(z + Ω) −if0eiθ
−if0e−iθ −ω0 − g2σ(−z)
)
, (12)
5FIG. 2. Characteristic origin of the eigenmodes of the system.
as shown in Appendix A. For the present one-dimensional photonic band, the self-energy is analytically obtained by
σ(z) ≡
∫ pi
−pi
sin2 k
z − ωk dk = z −
√
z2 −B2 . (13)
As seen from (12), the two competing instabilities mentioned in the Introduction clearly appear in the effective
Liouvillian. The virtual transition in the off-diagonal elements and the complex self-energy in the diagonal elements
represent the parametric instability and the resonance instability, respectively. Therefore, the effective Liouvillian
describes the exponential instabilities in the DCE from a unified point of view.
Now the complex eigenvalue problem of the total Floquet-Liouvillian is reduced to the one of the effective Liouvillian,
which reads
Leff(zξ)|ϕξ)〉 = zξ|ϕξ)〉 , 〈(ϕ˜ξ|Leff(zξ) = zξ〈(ϕ˜ξ| . (14)
The complex eigenstates form a bi-orthonormal bi-complete basis set [21]:
1 =
∑
ξ
|ϕξ)〉〈(ϕ˜ξ| , 〈(ϕ˜ξ|ϕξ′)〉 = δξ,ξ′ . (15)
The complex eigenvalues zξ in (14) are obtained by solving the dispersion equation(
z + ω0 + g
2σ(−z)) (z − ω0 + Ω− g2σ(z + Ω))+ f20 = 0 . (16)
By squaring the square root functions, this dispersion equation turns to a eighth-order polynomial equation which has
been numerically solved. Among the solutions, we found the four solutions continuously connecting to the unperturbed
modes. The physical origin of the four solutions are assigned to a mixture of the resonance and antiresonance modes
for each of cavity creation and annihilation modes, as shown in Fig.2.
In terms of the complex spectral analysis, we can define the stationary mode based on the microscopic dynamics
as the mode whose eigenvalue has a vanishing value of the imaginary part, i.e., Imzj = 0, without relying on Markov
approximation. In the next section, we shall see the profound effect of the band edge of photonic band on the
generation of the real photon emission in the dynamical Casimir effect of the hyrbrid quantum system.
III. RESULTS
In order to show the effect of the balance between the parametric amplification and the dissipation, we show the
imaginary parts of the eigenvalues of Leff for Ω = 2ωB in Fig.3 where we change the cavity frequency ω0 while
the values of f0 = 0.2 and g = 1/pi are fixed. As shown in Fig.3(b), the neighboring Floquet-photonic bands are
overlapped.
As ω0 increases, we encounter the bifurcation of the resonance instability at ω0 ' ωB −B ' −0.9, where the cavity
mode becomes resonant with the photonic band, resulting in the bifurcation to resonance and anti-resonance modes
as in the other decaying systems[42, 45, 57, 58]. In this figure, a positive vertical direction indicates a state decaying
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(B = 1, f0 = 0.2, g = 1/⇡)
FIG. 3. Calculated results for Ω = 2ωB , where B = 1, f0 = 0.2, and g = 1/pi are fixed: (a) Imaginary part of the complex
eigenvalues of Leff as a function of ω0, where the origin of the horizontal axis taken at ωB . The bifurcation points are indicated
by the red filled circles, and the stationary point is indicated by the green filled circle.(b) A schematic picture of the Floquet-
Liouvillian around the stationary point.
since |Ψξ(t)〉 ∝ exp[−(Imzξ)t] as shown in (9). With a further increase of ω0, the frequencies of the creation and
annihilation cavity modes come close and the effect of the virtual transition between them becomes significant. Then
we encounter the second bifurcation of parametric instability at ω0 ' ωB − f0, where the downward and upward
branches corresponds to the parametric amplification and deamplification, respectively. As we further increase ω0,
we reach to the stationary point where Imzξ = 0, as a result of a balance between the parametric amplification and
the dissipation effects, as indicated by the green filled circle. At this point, the stationary energy flow through the
cavity from the external pump to the photonic band is achieved with the spontaneous photon pair emission. The
figure clearly demonstrates that this stationary DCE has been determined by taking into account the microscopic
dissipation process.
Here, we compare the present results with a phenomenological theory. We write a phenomenological effective
Floquet-Liouvillian
Lph(z) =
(
ω0 − Ω + iγ2 −if0eiθ − iγ2−if0e−iθ − iγ2 −ω0 + iγ2
)
(17)
consistent with an equation of motion of a forced damped oscillator
x¨+ γx˙+ ω(t)2x = 0 , (18)
where
ω2(t) = ω20
(
1 +
2f0
ω0
sin(Ωt+ θ)
)
, (19)
and γ is a phenomenological dissipation constant. The complex eigenvalue is immediately obtained by
zξ = −Ω
2
+ i
γ
2
±
√(
ω0 − Ω
2
)2
−
(
f20 +
(γ
2
)2
+ γf0 cos θ
)
. (20)
In Fig.4, we show the imaginary part of the above solutions. Since this phenomenological model assumes a flat-band
radiation with infinite bandwidth, the resonance bifurcation does not appear, though we see the stationary mode as
a balance between the constant dissipation and parametric amplification. What seems unphysical in (20), however,
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(f0 = 0.2,  = 0.2)
FIG. 4. Imaginary part of the complex eigenvalues of the phenomenological model as a function of ω0 for the values of f0 = 0.2
and γ = 0.2, where the origin of the horizontal axis at ω0 = Ω/2. (a) θ = pi/2, and (b) θ = pi.
is its initial phase dependence of the results as shown in Fig.4(a) and (b). It is irrational that the stationary point
depend on the initial phase of the external field. Contrary to this unphysical results, the correct result based on the
microscopic model does not depend on the phase factor, as seen from (16).
The band edge effect is more pronounced when lowering the external pumping frequency. In Fig.5, we show the
results for Ω = 2ωB −∆ with ∆ = 3B/2 so that the neighboring Floquet photonic bands are shifted by ∆, as shown
in Fig.5(c), where other parameters are fixed at the same values of Fig.3. The overall behavior of Imzξ is shown in
Fig.5(a), where we have seen essentially the same stationary points, indicated by the green filled circles, as a result of
the balance between the resonance instability and the parametric amplification of the cavity modes.
But in the region where the cavity mode frequency is located around the band edge, i.e. ω0 ' ωB −B, we can see
the other type of the stationary point. We show the result in the expanded scale in Fig.5(b), and the schematic picture
of the Floquet-Liouvillian in this region is shown in Fig.5(c). In this region, the creation (annihilation) cavity mode
is in resonance with the annihilation (creation) mode of the photonic band. Even though there is no direct coupling
between them, there is an indirect coupling via the virtual transition of the cavity modes, as shown in Fig.5(c).
Consequently, the eigenmode of the total system is represented by the multimode-Bogoliubov transformation of the
cavity mode and the continuous photonic band [55]. This mixing of the creation and annihilation modes between
them induces the non-local multimode parametric instability, as shown by the orange arrows in Fig.5(b).
As ω0 further increases so that the creation (annihilation) cavity mode is in resonance with the corresponding
photonic band modes, the multimode parametric instability is suppressed by the dissipation effect. As a result of the
balance between them, the nonlocal stationary point emerges, which is indicated by the yellow filled circle in Fig.5(b).
This stationary mode is characteristically different from the previous one, because here the nonlocal entanglement
between the cavity photon and photonic band photons appears.
IV. CONCLUDING REMARKS
In this paper, we have studied the parametric amplification of a quantum vacuum in the optomechanical cav-
ity interacting with a one-dimensional photonic crystal. The effective non-Hermitian Floquet-Liouvillian has been
derived from a Heisenberg equation of the total system by using the Floquet method and the Brillouin-Wigner-
Feshbach projection method, where we have taken into account a microscopic dissipation mechanism in terms of the
energy-dependent self energy. The non-hermitian effective Floquet-Liouvillian reveals the competing instabilities of
parametric amplification and dissipation due to the virtual transition and the resonance singularity, respectively. The
emergence of the stationary mode has been identified as a result of the balance between the two instabilities, where
the eigenmode of the Liouvillian is represented by the Bogoliubov transformation. The photonic band edge effect is
prominent when the cavity mode frequency is close to the band edge. In this case, the indirect coupling between the
cavity mode and photonic band via the virtual transition of the cavity modes yields the nonlocal stationary mode
which is represented by the multimode-Bogoliubov tranformation of the cavity mode and photonic band.
Lastly, we would emphasize a practical advantage of the present model for the observation of the DCE. A major
obstacle for the observation of the DCE is the difficulty to move the boundary with almost twice of the cavity
frequency, Ω ' 2ω0. But as seen from the preceding section, the pump frequency can be lowered to cause the
8(a) (b)
(c)
(B = 1, f0 = 0.2, g = 1/⇡)
FIG. 5. Calculated results for Ω = 2ωB −∆, where ∆ = 3B/2, B = 1, f0 = 0.2, and g = 1/pi are fixed: (a) Overall picture of
the imaginary part of the complex eigenvalues of Leff as a function of ω0, where the origin of the horizontal axis taken at Ω/2.
The bifurcation points are indicated by the red filled circles, and the stationary point is indicated by the green filled circle. (b)
Expanded picture of (a) around the band edge. Non-local multimode stationary point is indicated by the yellow filled circle.
(c) A schematic picture of the Floquet-Liouvillian around the stationary point.
multimode parametric amplification, where the creation (annihiation) cavity mode are mixed with the annihilation
(creation) mode of the photonic band. We have found the conditions for the appearance of the multimode stationary
state. First,
ω0 > ωB +B (21)
is necessary for that the cavity mode is stable in spite of the pumping field. Then, under this condition the pumping
field with
Ω ∼ 2ω0 − (ω0 − ωB +B) < 2ω0 − 2B , (22)
far smaller than 2ω0, enables the indirect virtual coupling between the cavity mode and photonic band as shown in
Fig.6. Therefore, the major obstacle can be diminished.
In the present work, we have found three different types of the stationary modes. One is a completely stationary
state well below the two bifurcation thresholds, where a cavity squeezed vacuum state is associated with a localized
virtual photon cloud of the photonic band, and the periodic Rabi oscillation happens between the cavity squeezed
vacuum and the virtual photon cloud. The second one is the multimode DCE, where the stationary spontaneous
photon emission to the photonic band happens with the two-photon entanglement between the cavity mode and the
photonic band. The third one is the ordinary DCE, where the entangled cavity photon pair is emitted to the photonic
band. We can observe the two-photon entanglement of the emitted photons by a quantum correlation observation,
such as the homodyne detection method[14, 55]. We will show the study of the real-time dynamics of these photon
emission process in the forthcoming paper.
9FIG. 6. Calculated results for Ω = 2ωB : (a) Imaginary part of the complex eigenvalues of Leff as a function of ω0. (b)
Floquet-Liouvillian level scheme.
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Appendix A: Floquet-Liouvillian complex eigenvalue problem and effective operator
In this section, we briefly review the Floquet method according to Ref.[46, 47, 59], and derive the effective Floquet-
Liouvillian given in (12). The composite space F ≡ R ⊗ T is composed of the configuration space R and the space
T of periodic functions in time with period T [47]. In T -space, any periodic function of t is represented as a vector
f(t) ≡ (t|f), where the time basis is an eigenstate of a time operator tˆ|t) = t|t), and the conjugate operator is given
by pˆt ≡ i∂/∂t . The eigenstate of pˆt is given by
|κn) = 1
T
∫ T
0
eiκnt|t)dt , (A1)
where κn = nΩ = 2pin/T , (n = 0,±1,±2, · · · ), satisfying
pˆt|κn) = κn|κn) . (A2)
The time basis is given by the transformation of
|t) =
∞∑
n=−∞
e−iκnt|κn) . (A3)
Together with the basis of R-space, the complete orthonormal basis set in the F-space is formed by {|ϕj , t)〉} or
{|ϕj , κn)〉} (j = a, a∗, k, k∗) in terms of the time- or Floquet-mode-representations, respectively, where |·, ·)〉 denotes a
vector in the F-space. In this paper, we have abbreviated as j ≡ ϕj and n ≡ κn. These basis satisfy the complete-
orthonormality
1 =
1
T
∑
j
∫ T
0
dt|j, t)〉〈(j, t| , 〈(j, t|j′, t′)〉 = Tδ(t− t′)δj,j′ , (A4)
in terms of {|j, t)〉}, or
1 =
∞∑
n=−∞
∑
j
|j, n)〉〈(j, n| , 〈(j, n|j′, n′)〉 = δn,n′δj,j′ , (A5)
in terms of {|j, n)〉} basis set.
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Using the transform of (A1), the complex eigenvalue problem of the Floquet-Liouvillian
LF|Φξ)〉 = zξ|Φξ)〉 (A6)
is transformed to time-independent eigenvalue problem in terms of the Floquet-mode representation. The matrix
structure of LF is given by
LF =
n = 1 n = 0
a∗ a b∗k bk a
∗ a b∗k bk
a∗ ω0 − Ω 0 gk 0 −if0eiθ −if0eiθ 0 0
a 0 −ω0 − Ω 0 −gk if0eiθ if0eiθ 0 0
b∗ gk 0 ωk − Ω 0 0 0 0 0
bk 0 −gk 0 −ωk − Ω 0 0 0 0
a∗ if0e−iθ if0e−iθ 0 0 ω0 0 gk 0
a −if0e−iθ −if0e−iθ 0 0 0 −ω0 0 −gk
b∗k 0 0 0 0 gk 0 ωk 0
bk 0 0 0 0 0 −gk 0 −ωk
, (A7)
where we show the matrix only for the n = 0 and n = 1 Floquet modes and a particular k mode of the photonic band,
for simplicity. It is found that the virtual transition interactions couples the creation and annihilation modes of the
cavity belonging to a next neighbor Floquet modes:
〈(a∗, 1|LF|a, 0)〉 = −if0eiθ , 〈(a, 1|LF|a∗, 0)〉 = if0eiθ ,
〈(a∗, 0|LF|a, 1)〉 = if0e−iθ , 〈(a, 0|LF|a∗, 1)〉 = −if0e−iθ , (A8)
which make LF non-Hermitian.
Under the condition of
Ω− 2B  f0 , (A9)
which is satisfied for the narrow photonic band and small external amplitude, we can restrict ourselves to {|a∗, 1)〉, |a, 0)〉}
space. Using the projection operators [52] of
P ≡ |a∗, 1)〉〈(a∗, 1|+ |a, 0)〉〈(a, 0| , Q ≡ 1− P , (A10)
we have reduced the complex eigenvalue problem of the total Floquet-Liouvillian (A6) to an eigenvalue problem of an
effective Floquet Liouvillian in terms of the cavity modes of {|a∗, 1)〉, |a, 0)〉} as
Leff(zξ)P|Φξ)〉 = zξP|Φξ)〉 , (A11)
where the effective Floquet-Liouvillian is defined by[21, 45, 52, 57, 58]
Leff(z) ≡ PLFP + PLFQ 1
z −QLFQQLFP . (A12)
The effective Floquet-Liouvillian is represented by a two-by-two matrix in terms of {|a∗, 1)〉, |a, 0)〉}
Leff(z) =
|a∗, 1)〉 |a, 0)〉
〈(a∗, 1| ω0 − Ω + g2σ(z + Ω) −if0eiθ
〈(a, 0| −if0e−iθ −ω0 − g2σ(−z)
, (A13)
where the self-energy is analytically obtained for the interaction of the cavity mode with the one-dimensional photonic
crystal as
σ(z) ≡
∫ pi
−pi
sin2 k
z − ωk dk = z −
√
z2 −B2 . (A14)
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It should be noted that the effective Floquet-Liouvillian depends on its eigenvalue so that the eigenvalue problem
should be solved in a self-consistent manner so as to correctly describe the microscopic dissipation mechanism. The
eigenvalues have been obtained by solving the dispersion equation (16) which has been derived from (A11).
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